INTRODUCTION
For an arithmetic variety and a positive hermitian line bundle, in this paper, we compute the leading term of the Hilbert function of the line bundle, show the ampleness of the line bundle, and estimate the height of the variety in terms of the density of small points. In more details, our results are explained as follows.
Leading term of the Hilbert function. For an arithmetic variety X which we refer to as a projective and flat integral scheme over spec Z , and for a relatively positive hermitian line bundle L, the Hilbert function Xsup(f(L®n». of positive integers is defined to count the volume of the lattice f(L ®n) of integral sections in the space f(L:n) of real sections with supremum norm. We want to prove that the leading term of this Hilbert function as n ~ 00 is given in terms of the height of X in as § 1. This is known as a theorem of Gillet and Soule [GS2] if X has a regular generic fiber. Beside this known result, our proof uses Hironaka's theorem on resolutions of singularities and Minkowski's theorem on successive minima. By Hironaka's theorem, we may construct
(1) two sequences of hermitian line bundles {L~} and {L~} on a fixed generic resolution X of X, such that they are numerically close to the sequence {L®n}; (2) some sequences of embeddings with small norms
f(L:) c f(L ®n) C r(L~).
By Minkowski's theorem, we may obtain a lower (resp. upper) bound for the Hilbert function of L by corresponding functions induced by {L~} (resp. {L~}). Applying the known results on X we obtain the required estimate for {L®n} .
Arithmetic ampleness. For an arithmetic variety X and a numerically positive hermitian line bundle L, we prove that the group f(L ®n) has a basis consisting of small sections when n is sufficiently large in §4. We use a similar idea as in the context of algebraic geometry [Ha] . By our estimate of the leading term of the Hilbert function and by some lattice arguments, we reduce the proof to proving that, for any subvariety Y c of Xc' the map f(L~n) ~ f(L~nly. )
is "surjective" in the metric sense: given finitely many fixed sections II' ... ,Ik' any section I~l .. . I;k (a i ~ 0) of L ®(ol + ... ) I y with a I + ... + an sufficiently large can be lifted to a section on X with a small supremum norm. We prove this in two steps. The first step ( §2) is devoted to proving the assertion for compact complex manifolds using Hormander's L 2 -estimate. The second step ( §3) is devoted to proving the assertion for singular varieties, where we introduce the ampleness of the metric and work on nonarchimedean metrics at the same time.
Density of small points. We have two results under this title. The first result is an estimate of the height of an arithmetic variety in terms of the density of small points ( §5). This gives a more precise version of Kleiman's theorem on ampleness of a line bundle in terms of intersection numbers with curves, in the context of algebraic geometry. The proof of our result is similar to that of Kleiman's theorem [Ha] . One typical consequence is as follows: for an arithmetic variety X and a semipositive hermitian line bundle L, the height of X is 0 if and only if, on any nonempty Zariski open subset U, the height function on U(Q) has the infimum o.
The second result ( §6) is as follows: a subvariety X of a multiplicative group G: is of the form xH, where x is a torsion point and H is a subgroup, if and only if small points of X(iQ) are dense with respect to the usual height function h max • For proof, we embed G: to (pI t as usual. Then h max is equivalent to a height function hoo induced by a hermitian line bundle 0 00 (1) =
(O( 1), II . 11 00 ), Approximating II· 1100 by smooth metrics, we are reduced to proving that the height of the Zariski closure of X with respect 0 00 ( 1) is positive, if X cannot be written in the form xH. We prove this by induction on dim X , by representing C I ( 0 00 ( 1)) by certain canonical sections and by the Ihara-Serre-Tate theorem [Lan] . For an arithmetic surface, the arithmetic ampleness of a positive hermitian line bundle was conjectured by L. Szpiro and was proved in [Zl] . For an arithmetic surface without bad reduction, Szpiro [Sz] obtained a relation between the positivity of the relative dualizing sheaf and the discreteness of algebraic points with respect to Neron-Tate height. Such a result has been generalized to the general case, by arithmetic ampleness, and by an admissible pairing on a curve; see [Z2] . We expect to obtain some results in higher dimensional varieties by using the results in this paper.
I learned subjects from L. Szpiro and G. Faltings and I am very grateful to them for encouragement during the preparation of this paper and for the time they spent in teaching me. I would like to thank X. Dai, P. Deligne, G. Tian, and S. Yeung for helpful conversations, and the referee for pointing out several inaccuracies in the original manuscript. The research has been supported by NSF grant DMS-9100383. I would like to thank lAS for its hospitality.
HEIGHTS OF ARITHMETIC VARIETIES
( 1.1 ) Let X be a complex variety of dimension d, and let L = (L, II . II) be a hermitian line bundle on X. We say that the metric on L is smooth if, for any (analytic) morphism J from the disc ][}d = {z E Cd : Izl < I} to X, the pull-back metric on ;(L) is smooth. For example, if X is a subvariety of a complex manifold and L is the restriction of a smoothly metrized hermitian line on the manifold, then the metric on L is smooth. In this section we always assume that all hermitian line bundles we deal with have smooth metrics.
For a hermitian line bundle L on X, we say that L is semipositive if for any morphism f : HJ)d --+ X the curvature form c~ (; (L)) is semipositive, where c~(;(L)) is a (1,1)-form on HJ)d defined to be ~110gll/ll, where I is an invertible section of ; (L) on HJ)d • (1.2) By an arithmetic variety X of dimension d , we mean an integral scheme of dimension d such that the structure morphism 7t : X --+ spec Z is projective and flat. A hermitian line bundle L = (L, II . II) on X is defined to be a line bundle L on X with a hermitian metric II· II on Lc = L ®z C, the pull-back of L on Xc = X ®specz specC, such that II· II is invariant under the complex conjugation of Xc. We say that L is relatively semipositive if (1) L is relatively semipositive: for any closed curve C on any fiber of X over specZ, the degree deg(Lld of L on C is nonnegative; and (2) II· II is semipositive: for any finite morphism f:
is semipositive pointwise. Let X be an arithmetic variety, let L be a hermitian line bundle on X, and let f: X --+ X be a generic resolution of singularities of X. This means that f is a birational morphism from an arithmetic variety X with regular generic fiber over specZ. By the Hironaka theorem [Hi] , such a resolution always exists. Then ;(L) is a hermitian line bundle (with smooth metric) on X, and [F2] . One can prove that this number does not depend on the choice of f. In fact if 1; : Xj --+ X ( i = 1 , 2 ) are two resolutions, then we can find a third resolution
Using the projection formula, one can prove that both c, (/;* L)d coincide with c, (; L)d , where f is the canonical morphism from X to X. We call this number the height of X with respect to L, and denote it by c, (L)d .
( 1.3) The main aim of this section is to compute the leading terms of "Hilbert functions". We fix the following notation. Let V be a real vector space with a norm II· II , and let r be a lattice of V. Then there is a unique invariant measure on V such that the volume of the unit ball {v E V : IIv II :s; I} is 1.
We define that XII.II(r) = -logvol(V/r). 
We start from the following result of Gillet and Soule:
Lemma (l.S). 
The assertion of the theorem follows from this estimate and the following inequality of Gromov: there is a constant c> 0 such that
, [F2] , and [BV] for details.
Lemma (1.6). Let J; : Xl -+ X and 1; : X 2 -+ X be two projective morphisms of arithmetic varieties. Let Ll ' L2 ' M be hermitian line bundles on XI ' X 2 ' X respectively, with LIQ and L2Q ample. There is a constant c such that the following condition is verified. For any n l ~ 0, n 2 ~ 0 there is a set of linear independent elements of maximal rank of r(J;*L~n. ® 1;*L~n2 ® M) such that each element has norm ~ cmax(n. ,n2) . Proof. We consider the special case that M = Ox only; the general case follows from the same approach. Since the algebra r(L *)Q = E9 r(J;*L~~' ® 1;*L~~2)
is finitely generated over Q, there are finitely many elements Sl'
which generate r(L *)Q' Replacing them by some integral multiple, we may assume that all of them are integral. Now for any n l > 0, n 2 > 0, the group r(J;*L~n. ® 1;*L~n2) contains the following set of elements of maximal rank: 
The lemma follows by taking -log on both sides.
( 1.8) Proof of (1.4). For simplicity of notation, we just consider the case that N = Ox; the general case follows from the the same approach. First of all we have the following setting:
(A) Let f: X ~ X be a generic resolution of singularities of X, and let M be a hermitian line bundle on X such that M is very ample and the curvature c~ (M) is positive pointwise. Let Sl be a nonzero section of M, and let c i denote its norm.
(B) Choo'se n l sufficiently large such that r(f*L~1 ®M~I) = r(L~nl ®f*(M~)))::j:. O.
Since for any line bundle B on X one has r(BQ) = r(B) ®z Q, it follows that there is a nonzero section S2 of the hermitian line bundle f* L n l ® x;r I . !--et c 2 denote the norm of S2.
(C) For any x E X(q and any function a on f-I(x) , let 11011 denote sUPYErl(x) lol(y). (D) Let c 4 be the constants defined in (1.6) for (L, M) .
Let n3 > n) + n 2 and n 4 be any two positive integers, and let i be a nonnegative integer between 0 and n3 -1. We want to estimate Xsup(r(L ®n 3 n.+i)) .
The multiplication by S~4 gives a map
with norm bounded by C~4, where ~ is considered a subspace of r(j L®n 3 n 4 +i).
The multiplication by S;4 gives a map
with norm bounded by C;4 . The multiplication by S;4 gives a map
with norm bounded by C;4. The composition of these two morphisms gives a map
with norm bounded by C;4 C;4 .
Applying (1.7) to (r, 1") = (li2, a(~)) and (r, 1") = (~ , P(JJ)) , we obtain that
By Lemma (1.5), we have the following estimate:
where O(x) denotes a quantity such that O(x)x-I is bounded independently on n 3 , n 4 , and on (x) denotes a quantity such that, for any fixed n 3 , the 3 number on (x)x-I tends to 0 as x tends to infinity. Similarly we have 
For any E > 0, we may choose n3 such that O(n~n~-l) is bounded by ~n~n~ . Then for n 4 sufficiently large, 0n 3 (n~) is also bounded by ~n~ n~ . This proves that, for sufficiently large n,
The theorem follows.
Applying the Minkowski theorem we obtain the following result for small sections: 
, we may generalize (1.4) to compute the leading term of Xsup(r(F (8) SnE)) , where E and F are two hermitian vector bundles on X with EQ ample and E is relatively semipositive. We omit details here.
LIFTING SECTIONS WITH SMALL NORMS ON COMPLEX MANIFOLDS
(2.1) Let X be a compact complex manifold of dimension d, and let L be a hermitian line bundle with positive curvature form c; (L); then Kodaira's theorem asserts that L is ample. In particular, for any subvariety Y of X and for n sufficiently large, the map
is surjective. In this section we want to prove a "metrized version" of this fact. 
Choose a basis for V. This gives a Fubini-Study metric on O ( 1) 
One can find a decreasing sequence of smooth functions {lfIi} which converges to logp, such that the set {N(lfIi)} is uniformly bounded below in i and on X. Actually, let f be any smooth function such that (i) /' (x) 2:: 0 for all x; (ii) f(x) = x for x > 0 and f(x) = -0.5 for x < -1. Then the sequence {Ifl i = f(log P + i) -i} will satisfy our requirements. In fact (1) since f is constant for x < -1 it follows that lfIi is defined over whole X; (2) since / ~ 1, it follows that the sequence {IfIJ is decreasing; (3) since f(x) = x for all x> 0, it follows that lfIi is convergent to logp; (4) since 0 ~ / ~ 1 and /' 2:: 0 , it follows that
Let c 1 be a constant such that N(L) > c 1 pointwise, and let d denote the dimension of X . It follows that for sufficiently large n, the following inequality holds uniformly in i and on X:
Let n be any positive number such that (2.6.1) holds, and let lu be a section of L ®n on V. Let () be a smooth function on X which is 0 out of V and which is 1 on a neighborhood V' of Y. Let w denote 8«()l u ). Applying (2.5) we obtain a smooth section I' (which may not be holomorphic) such that 81' = wand (2.6.2)
wherec 2 is a positive constant.
Let I = ()lu -I'. Since 81 = 0, it follows that 1 is holomorphic. Since J 11/' 11 2 p-(2d+l)dx is finite, it follows that l'I y = 0, i.e., lly = luly. To complete the proof of the lemma, we need to estimate IIlllsup. We estimate IIlllL2 first. By (2.6.2), one has 2 2 , 2
where c 3 is a positive constant.
The lemma follows from (2.6.3) and the following inequality of Gromov: 
AMPLE LINE BUNDLES WITH SEMIAMPLE METRICS
(3.1) Let K be an algebraically closednormed field as in the appendix. Let X be a projective variety on spec K , and let L be a line bundle on X with a continuous and bounded metric as defined in (a.2). Assume that L is ample; then for sufficiently large n the morphism
is surjective, where r(L ®n) is considered as a free vector bundle on X. The supremum norm on r( L ®n) induces a quotient norm on L ®n , whose n-th root gives a norm 1I-lIn,r on L. ( The assertion follows for 101 > 2c/€ . (D) Let i: X ----> X' be an embedding from X to another projective variety X' over spec K , and let L' be a semiample metrized line bundle on
. This is clear by definition.
Fix Land M as in the theorem. Since L is semiample metrized, applying (A) to {Ln r = (L, 1I'lI n r)}' it suffices to prove P(L n r> M) for all n. Applying (B) f~r N = n and ~etrized line bundles Ln,r> ~e need only prove P(L:} , M) for all n. Applying (C) it suffices to prove all P(L: n ). Each L:,n r has the property that the quotient metric by the map
n,r n,r coincides with the metric lI'II~,r' So we are reduced to proving P(L) provided that L is very ample and that the metric on L is induced by the quotient metric 
In other words, there is an analytic morphism f:
where a is a positive number. Now any section of L on Jl)) with norm 1 at 0 can be written as I = flo with a holomorphic function f which has norm 1 at O.
We have the estimate 
is surjective. This just means that, in the map
the induced quotient norm agrees with the original norm on the target. Now for of radius r contains a basis (resp. of a subset of full rank) of V. Then one has the following estimate: By Lemma (4.4), and Lemmas (4.6) and (4.7) which we will prove later,
A.(v"m):$ L: e(N-nm)c.+c2-Nc3+C4 dimQ(VN/V N _ I )
N"5.nm
where C I -C 4 are positive numbers defined in the following lemmas, and c 5 ' c 6 are some positive numbers independent of n. By the Riemann-Roch theorem, where I, is the injection Ii --+ OX' which has finite norm by (a.4). Let U' denote S -U -{oo}; then
dimQ(V N ) is bounded by a power of n, it follows that

A.(r(L®n
for p E U';
It follows that PN ~ 11/1I;::k TI pEU ' 1I/,IIp ~ e(N-nm)C 1 +c 2 for some positive constants c 1 ' c 2 independent of N, n.
Lemma (4.7). There are two positive numbers c 3 ' c 4 such that, for any N, the following estimate holds:
Proof. Since L is ample and (4.2) holds for subvarieties D 1 ,··· ,D m , by induction, we can find a positive integer no such that the following conditions are verified.
(1) The algebra
is generated by the group
(2) A(AI) < 1. Choose a finite subset {/J of Al of maximal rank such that each element belongs to a single component and is strictly effective.
is positive constant-n l such that this module is generated by 
It follows that, for any p E V ,any Ija in S N has II· IIrp bounded by 1. It follows that, for sufficiently large N,
where c' is a positive number independent of €, k. Choosing a sufficiently small € we may find positive constants c 3 and c 4 such that, for all N ~ 0,
A(VN/V N _,) :s e-NC3+C4.
The proof of the lemma is complete.
C6rollary (4.8). Let X be an arithmetic variety with regular generic fiber and let L. M be two hermitian line bundles on X. Assume that the following conditions are verified:
(1) LQ is ample and L is relatively semipositive. For any x E X(IQ) , let Dx denote the Zariski closure of x in X; then the height hL(x) is defined to be deg(LID)/ deg (D x ) . Assume that LQ is ample.
It is clear that e l (L) ;::: e 2 (L) ;::: ... ;::: ed(L). The main result of this section is the following theorem: This proves our claim. It follows that will satisfy our requirement.
Theorem (5.2). Let X be an arithmetic variety of dimension d, and let L be a hermitian line bundle such that LQ is ample and L is relatively semiample with smooth metric. Then
-d d L CI (L) - - e lc i (M)d = deg(Zd' gd) ~ f fdoc~ (M
Lemma (5.4). Let (X, L) be assumed as in (5.2). Assume in addition that
Proof. Our argument is adapted from [Ha] , Chapter I, §6. By induction on 
bScl(Mly)S > O. By (1.9) and (4.2) for n» 0, t(X, LQ/®n) = r(X, L'®n) will have a basis SI' ... ,sk such that IIsili < 1 for all i. Since L' is ample, for n » 0, nil div sil = 0. By (5.3) and the assumptions on L, we have that
This proves our claim, and therefore the lemma. The first inequality of (5.2) follows from (1.9) as following. Let E be any positive number, and let L' denote the hermitian line bundle
By (1.9), there is a nontrivial section S of a positive power L'®n with lis II < 1 .
It follows that L'®n has nonegative height at each point out of Y = div(s), and so does L' . Therefore
Since E is arbitrary, this shows the required inequality. We use induction on d = dim X to prove the second inequality of (5.2). If d = 0 it is trivial. We assume that d > 0, and the inequality is true for any subvariety Y of dimension < d . Let E be any positive number. Consider the
has nonnegative height at any point of X, it has nonnegative height at each irreducible subvariety of X by (5.4). It follows that M has positive height at each subvariety of X. By (4.2) some positive power M®n will have a basis s) , ... ,Sk such that IIs;1I < 1 for all i. Since L is ample, it follows that nl div s;1 = 0 for n » o.
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For each I, by definition, there is a subvariety Zi (may not be irreducible) of XQ of codimension i such that
By (5.3) we may find a section I of a power };f®m such that I is not zero at each generic point of each Zi' Let Y = div(l). It follows that
By induction,
we have that
Since E is arbitrary, we obtain the required inequality.
Corollary (5.7). Let X be an arithmetic variety of dimension d, and let L be a hermitian. line bundle such that LQ is ample and L is relatively semiample with smooth metric. Then we have the following assertions: (1) Assume that L has nonnegative height at each point of X(Q). The following conditions are equivalent:
( 
. ,ed(L).
In the next section we will characterize torsion subvarieties of a multiplicative group using these numbers with respect to some canonical hermitian line bundles. (1) The assertion of the above theorem does not change if we replace h max by a height function h on G:(Q) = Q*n with property that there are two positive constants c 1 and c 2 such that for any x in Gm(Q) ,
(2) Let X be a subvariety of G: defined over Q. We say a torsion subvariety W of X is maximal if it is not contained in any larger torsion subvariety of X. Then (6.2) implies the following two assertions: (i) X has only finitely many maximal torsion subvarieties J.J';, ... , W k ; (ii) The height function h max has a
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use positive lower bound on X -U ~. The assertion (i) is a theorem of Ihara, Serre, and Tate (see §8.6 of [Lan] ) when dim X = 1, and is a theorem of Laurent [Lau] and Samak [Sa] We want to define heights for arithmetic subvarieties of !p n with respect to °0 0 (1). Notice that, on !P1(C) , the metric 11.11 00 is not smooth, but it is the limit of {II '11 1 , 1= 1, 2, ... } , where for each I 2:: 1, II· III is defined as
Let 01(1) denote the corresponding hermitian line bundle. We define heights with respectto 0 00 ( 1) as limits of heights with respect to 0l( 1) by the following lemma. The curvature c~ ( 01 (1)) as a measure is given locally as
(1 +p)
where z = v/u = pe 271it • It follows that for any continuous function j, f jc~(OI(I)) = roo [rl j(/lle 271it )dt] dp 2.
(l+p)
Let T denote the unit circle { (u,v) :lu/vl= I}; then lim/_ooc~(OI(I))=t5T.
Let 0 1 (1) also denote the hermitian line bundle Li 1t*OI(I) on !P n . Then 0{(1) has positive curvature. It follows that 0{ (1) is semiample metrized. The following lemma gives some justifications for working on line bundles with limit metrics. 
(2) On each Li' let 11'll j be a continuous metric and {II, II in ' n = 1 , 2, ... } be a sequence of smooth and semipositive metrics such that log 1:1'}:lj~ converges
(3) Let II· II be a continuous metric on L which is the limit of smooth and
where 8, 8 are in the distribution sense. Let Z = dives) ; then
Since c~ (L j ) and c~ (L~) are all semipositive, the inequality of (I) follows by replacing gj by IIgjll sup and -oz by 0lzl'
For (2), let s be a nonzero rational section of L d , and let div s = E njZj;
The assertion follows from (I) and induction on dim X .
For (3), let {II .11 1 , I = 1,2, ... } be a sequence of smooth and semiample metrics on L which is convergent uniformly to 11·11. Let LI = (L, 11'11 / ); by
Since log» -+ 0 as I -+ 00 uniformly, it follows ej(
Letting 1-+00 in the above inequalities, we obtain the inequality for L. Lemma (6.6 is an arithmetic subvariety of X defined by the following polynomial over Z:
Proof. First of all we have that c l (Ooo(I))2 = 0 on lP'1. This follows from (6.5), (3). It follows that, for any subvariety Y of lP' n of dimension d, 
we obtain that
We claim that (6.6.2) c l (Ooo(I)1 _'(O))n-l = 0 and lim r logllv211AAJ" ·c5/ n = O.
, we obtain that
The assertion (6.6.2) follows, since one can show that c l (000(l)l p2 -'(o))n-1 is nonnegative by (6.5), (3), and that IIv211/ S 1 by definition. Combining with (6.6.2), one has (6.6.3)
is a nonpositive pointwise continuous function on C. By (6.5), (1), as I ---+ 00 , this Jj converges uniformly. Let foo denote the limit; then foo must be a nonpositive pointwise continuous function. From (6.6.2) one has
It follows that foo(x) = 0 for x E T. By (6.6.3), lim l -+ oo A/x = O. This proves (6.6.1) and therefore completes the proof of the lemma.
(6.7) Proof of (6.2). (2) ---+ (1) is trivial, since the set of torsion points is Zariski dense in a torsion subvariety. First of all we reduce the proof of (1) ---+ (2) to the case that X is a hypersurface of G~. Assume (6.2) is true for all hypersurfaces of all multiplicative groups. Let X be a subvariety of G~ which satisfies (1) of (6.2) and
There is a projection 1[ from G~ to a factor G~+I of the product of d + 1 components of G~ such that 1[X is a hypersurface of G~+I. It is easy to verify that 1[X also satisfies (1) of (6.2). By assumption 1[X can be written as xH, where x is a torsion point of G~+I and H is a subgroup of G~+I. Replacing X by X-I X (the assertions are invariant), we may assume that x = 1 , i.e., 1[X is a subgroup. There is an isomorphism p: 1[-1 (1[X) ---+ G::;I of groups induced by a change of coordinates in G~. One can prove that h max and p* h max are in the same equivalent class, as defined in (6.3). This shows that pX satisfies (2) and therefore is a torsion subvariety by induction on n, so is X. Now let X be a hypersurface of G~ which satisfies (1) of (6.2). We want to prove the assertion (2) for X using induction on n. If n = 1 this is trivial, since X must be a torsion point. We assume that n ;:: 2. Let X be defined by the equation Consider G~ to be an open subscheme that is the complement of {UIV I ... unv n = A}, and let X denote the Zariski closure of X in P n . By (6.5) we have that c 1 (Ooo(I)lx)n = o. By Lemma (6.6), for any torsion point • E Gm(Q) , the arithmetic subvariety X T has height o. The and let r denote the graph of </J in G~. Then r has infinitely many torsion points. By a theorem of Ihara, Serre, and Tate, r must be a torsion subvariety of G~. It follows that </J(x) = ax n , where a is a root of unity and n is an integer. Without loss of generality, we may assume that n ~ 0; otherwise we interchange m l and m 2 • Let F(x l , y) = ym. + ax~ym2 and let X denote the torsion subvariety of G~ defined by F. Then X n X has dimension ~ n -1. It follows that X is an irreducible component of X. SO X is a torsion subvariety of G~. This completes the proof of the theorem.
ApPENDIX: COHERENT SHEAVES WITH BOUNDED METRICS (a. I) Let K be an algebraically closed valuation field. We assume that either K is the archimedean field C, or a nonarchimedean field which is an algebraic extension of a complete discrete valuation sub field K o ' with an algebraically closed residue field k . The valuation on K is chosen such that each uniformizer of Ko has valuation e -I .
Let V be a finite-dimensional vector space over K . A function 11·11 : V -IR is called a K norm if the following conditions are verified:
(1) Ilkxll = Iklllxll ; (2) Ilxll ~ 0, and Ilxll = 0 iff x = 0; (3) if K is archimedean, then IIx + yll S IIxll + lIyll , and if K is nonarchimedean, then Ilx + yll S max(llxll, Ilyll)· Let X be a projective scheme on spec K , and let F be a coherent sheaf on X. By a K -metric II· II on F we mean a collection of K -norms on each fiber
F(x), x E X(K) .
Two metrics II· II and II· II' are said to be in the same bounded class if the number sup I log IIIII -log 11/11'1
XEX(K), fEF(x)-{O}
is finite.
(a.2) Let L be a line bundle on X. Sometimes, we need to consider the "good" metrics. If K = C, this means that the metrics are continuous on X(K) . If K is nonarchimedean, this means that the metrics are "algebraic" as described as follows. We say that the metrized line bundle L = (L, II· ilL) is algebraic and is induced by the model (X, I).
Notice that any two "good" metrics on L are in the same bounded class. So this bounded class depends only on L. We call any metric in this class a bounded metric. For any bounded metric II· II , each section I of L on X has a finite supremum norm 1111lsup = SUPXEX(K) 11111 (x) . If K is nonarchimedean and 11·11 is induced by a model (X, I), then 11'll sup is induced by RE module r(I) as follows. For IE r(L), 1Iliisup = inf{lal : I E ar(I) OR Rd· aEK E (a.3) For any coherent sheaf F, let ¢F : P F ---> X denote projective scheme projx(symF) over X associated to F and let LF denote the 0(1) bundle on P F • Let 11-11 be a bounded metric on L F • It induces a metric ¢ h 11·11 on F as follows: for any x E X(K) and any IE F(x) which we consider as a section of LF on ¢-I(X), ¢hll/ll = sup 11/(p)ll.
PEr '(X) Notice that the bounded class of ¢F*" . II does not depend on the choice of bounded metric II· II ; we call any metric in this class a bounded metric of F . we may assume that G = Ox' Let I denote the image of h; then h is decomposed into hi : F ----> I and h2 : I ----> Ox' Put a bounded metric on I. We need only prove that both hi and h2 have finite norms.
Replacing h : F ----> G by hi: F ----> I in the above paragraph, we may assume that I = Ox' This defines a morphism j : X ----> P F and an isomorphism h3 : j* LF ----> Ox such that hi is the composition of h3 and the canonical morphism h4 : F ----> j* L F . Now IIh411 :::; 1 by definition, and IIh311 is bounded since h3 is an isomorphism of line bundles with bounded metrics. So hi has finite norm. For h2' let IjI : B ----> X denote the blow up of X with respect to I; then lOB is an invertible ideal sheaf. The morphism 1jI*(h2) is decomposed into h5 : 1jI* I ----> lOB and h6 : lOB ----> 0B' Put a bounded metric on lOB' Now h5 is surjective, and it has finite norm by the above paragraph. h6 has finite norm since it is a morphism of two line bundles. This completes the proof of the theorem.
